We study actions of compact quantum groups on type I factors, which may be interpreted as projective representations of compact quantum groups. We generalize to this setting some of Woronowicz' results concerning Peter-Weyl theory for compact quantum groups. The main new phenomenon is that for general compact quantum groups (more precisely, those which are not of Kac type), not all irreducible projective representations have to be finite-dimensional. As applications, we consider the theory of projective representations for the compact quantum groups associated to group von Neumann algebras of discrete groups, and consider a certain non-trivial projective representation for quantum SU Ô2Õ.
Introduction
It is well-known that for compact groups, one can easily extend the main theorems of the Peter-Weyl theory to cover also projective representations. In this article, we will see that if one tries to do the same for Woronowicz' compact quantum groups, one confronts at least one surprising novelty: not all irreducible projective representations of a compact quantum group have to be finite-dimensional. On the other hand, one will still be able to decompose any projective representation into a direct sum of irreducible ones, and to determine certain orthogonality relations between the matrix coefficients of irreducible projective representations.
The main tool we will use in this article are the Galois co-objects which we introduced in [10] . Indeed, we showed there that when one quantizes the notion of a projective representation, this structure plays the role of a 'generalized 2-cocycle function'.
In the first section of this article, we will develop a structure theory for such Galois co-objects in the setting of compact quantum groups. A lot of the techniques we use are directly inspired by the theory of the compact quantum groups themselves.
In the second section, we will show that such Galois co-objects can be dualized into Galois objects for their dual discrete quantum groups, a concept which was introduced in [8] .
In the third section, which, except for the last part, is independent from the more technical second section, we present a Peter-Weyl theory for projective representations of compact quantum groups. We also show how projective representations give rise to module categories over the tensor category of the (ordinary) representations, and introduce the notion of fusion rules between irreducible projective representations and (ordinary) irreducible representations.
In the fourth section, we will give some details on the 'reflection technique' introduced in [10] . We showed there that from any Galois co-object for a given compact quantum group, one can create a (possibly) new locally compact quantum group. We will show that the type of this quantum group (namely whether it is compact or not) is intimately tied up with the behavior of the Galois co-object itself.
In the fifth section, we will consider the special case of compact Kac algebras. We show that in this case, all irreducible projective representations will be finite-dimensional, and the theory becomes essentially algebraic.
In the sixth and seventh section, we further specialize. We first quickly consider the case of finite quantum groups (i.e. finite-dimensional Kac algebras), for which we can mostly refer to the existing literature. Then we will treat co-commutative compact Kac algebras, which correspond to group von Neumann algebras of discrete groups. In this case, the projective representations turn out to be classified by certain special 2-cohomology classes of finite subgroups of the associated discrete group. In particular, we will be able to deduce that the group von Neumann algebra of a torsionless discrete group admits no non-trivial 2-cocycles. These results will be proven using only the material in the first section and the first part of the third section.
In the eighth section, we give a concrete example of what can happen in the non-Kac case by considering a particular non-trivial Galois co-object for the compact quantum group SU q Ô2Õ. We compute explicitly all its associated projective representations, provide the corresponding orthogonality relations and calculate the fusion rules.
Notations and conventions
We will assume that all our Hilbert spaces are separable, and we take the inner product to be conjugate linear in the second argument. We also assume that all our von Neumann algebras have separable predual.
By ι, we denote the identity map on a set.
We denote by the algebraic tensor product between vector spaces, by the tensor product between Hilbert spaces, and by the spatial tensor product between von Neumann algebras.
By Σ we denote the flip map between a tensor product of Hilbert spaces: 
We use the leg numbering notation for operators on tensor products of Hilbert spaces. E.g., if Z : H 2 H 2 is a certain operator, we denote by Z 13 the operator H 3 H 3 acting as Z on the first and third factor, and as the identity on the second factor. and Λ M is the natural inclusion M L 2 ÔMÕ. We then identify M as a von Neumann subalgebra of BÔL 2 ÔMÕÕ by letting x È M corresponding to the (bounded) closure of the operator
We will further denote by ξ M the cyclic and separating vector Λ M Ô1 M Õ in L 2 ÔMÕ, so that xξ M Λ M ÔxÕ for all x È M .
The following two unitaries are of fundamental importance. Definition 1.3. Let ÔM, ∆ M Õ be a compact Woronowicz algebra.
The right regular corepresentation of ÔM, ∆ M Õ is defined to be the unitary V È BÔL 2 ÔMÕÕ¯ M which is uniquely determined by the formula
ÔMÕ.
The left regular corepresentation of ÔM, ∆ M Õ is defined to be the unitary W È M¯ BÔL 2 ÔMÕÕ which is uniquely determined by the fact that
We will in the following always use the above notations for these corepresentations. Note that establishing the unitarity of these maps requires some non-trivial work! An approach to compact quantum groups based on the properties of such unitaries can be found in [3] , section 4.
Let us now introduce the notion of a Galois co-object for a compact Woronowicz algebra (see [10] ). 
Remarks:
1. The previous definition can be shown to be equivalent with the one presented in [10] , Definition 0.5. Also remark that the previous conditions can be grouped together as follows: a Galois co-object is a right Morita (or imprimitivity) Hilbert M -module (conditions 1 to 3) with a ∆ Mcompatible coalgebra structure (conditions 4 and 5 and condition 6) which is 'non-degenerate' (condition 7).
2. A trivial example of a right ÔM, ∆ M Õ-Galois co-object is ÔM, ∆ M Õ itself. Indeed, the final condition even holds in a stronger form, as it can be shown that already Ø∆ M ÔxÕÔ1 yÕ x, y È M Ù is σ-weakly dense in M¯ M for compact Woronowicz algebras. It follows that this stronger condition is then in fact true for all Galois co-objects for compact Woronowicz algebras.
3. A treatment of Galois co-objects in the setting of Hopf algebras can be found in [6] .
One can similarly define the notion of a left Galois co-object. Left Galois co-objects can be created from right ones in the following way.
Definition 1.5. Let ÔN, ∆ N Õ be a right Galois co-object for the compact Woronowicz algebra ÔM, ∆ M Õ.
We call the couple ÔN op , ∆ N op Õ, consisting of
together with the coproduct
the opposite (left) Galois co-object of ÔN, ∆ N Õ. It is a left Galois co-object for the compact Woronowicz algebra ÔM, ∆ M Õ.
We call the couple ÔN cop , ∆ N cop Õ, where The following notation will be useful. Notation 1.6. Let ÔM, ∆ M Õ be a compact Woronowicz algebra, and ÔN, ∆ N Õ a right Galois co-object for ÔM, ∆ M Õ. We denote
Remark: By the second condition in Definition 1.4, we know that N is a right M -module, and then we trivially have that
By the third condition in that definition, together with the faithfulness of ϕ M , we see that Λ N is injective and that
And finally, by the first (and second) condition in that definition, we see that Λ N has norm-dense range.
One can construct for a Galois co-object ÔN, ∆ N Õ certain unitaries which are analogous to the regular corepresentations for a compact Woronowicz algebra (and coincide with them in case ÔN,
Proposition 1.7. Let ÔM, ∆ M Õ be a compact Woronowicz algebra, and ÔN, ∆ N Õ a right Galois coobject for ÔM, ∆ M Õ.
1. There exists a unitary
ÔNÕ
which is uniquely determined by the property that for all η È L 2 ÔMÕ and x È N , we have
Similarly, there exists a unitary
uniquely determined by the property that for all η È L 2 ÔMÕ and x È N , we have
4. The following 'pentagonal identities' hold:
5. The following identities hold:
Proof. The statements for W follow immediately from the ones for Ö V , by considering the co-opposite Galois co-object.
We then refer to [10] for the proofs of the first four statements (Proposition 2.3 for the first and second assertion, Proposition 2.4 for the third and fourth). The fifth statement follows immediately from combining the three preceding ones.
Remark: Although we referred to [10] , we want to stress that these assertions are quite straightforward to prove. For example, the surjectivity of Ö V follows quite immediately from the seventh condition in Definition 1.4, combined with the surjectivity of V . Remark: The general notion of an 'ÔN, ∆ N Õ-corepresentation' will be introduced in the third section.
For the rest of this section, we will fix a compact Woronowicz algebra ÔM, ∆ M Õ and a right Galois co-object ÔN, ∆ N Õ for ÔM, ∆ M Õ. We then further keep denoting by V and W the right and left regular corepresentations of ÔM, ∆ M Õ, and by Ö V and W the right regular ÔN, ∆ N Õ-and left regular
Our following lemma improves the second assertion in Proposition 1.7. Lemma 1.9. The following equalities hold:
Proof. We will again only prove the first identity, as the second one then follows by symmetry.
For ξ, η È L 2 ÔNÕ, denote by ω ξ,η the normal functional on BÔL 2 ÔNÕÕ determined by ω ξ,η ÔxÕ Üxξ, ηÝ for x È BÔL 2 ÔNÕÕ. Then for x, y È N , a straightforward computation shows that
It is thus enough to prove that the linear span of such elements is σ-weakly dense in N .
Suppose that this were not so. Then we could find a non-zero ω È N ¦ such that ϕ M Ôy ¦ Ôι ωÕÔ∆ N ÔxÕÕÕ 0 for all x, y È N. Taking y equal to Ôι ωÕÔ∆ N ÔxÕÕ, we would have Ôι ωÕÔ∆ N ÔxÕÕ 0 for all x È N by faithfulness of The following result will allow us to obtain a decomposition for W and Ö V . 
Then Ô N satisfies the following properties.
The von Neumann algebra Ô
N is an l -sum of type I-factors.
The equality
In the special case where ÔN, ∆ N Õ equals ÔM, ∆ M Õ considered as a right Galois co-object over itself, one denotes the above von Neumann algebra as Ü M .
Proof. Consider the unital normal faithful ¦ -homomorphism
Then by Proposition 1.7.5, it follows that Ad L is a coaction by ÔM,
Hence Ô N is precisely the set BÔL 2 ÔNÕÕ Ad L of Ad L -fixed elements in BÔL 2 ÔNÕÕ, that is, the set of elements satisfying Ad L ÔxÕ 1 x. It is well-known (and easy to see) that the map
is then a normal conditional expectation of BÔL 2 ÔNÕÕ onto Ô N . This forces Ô N to be an l -direct sum of type I-factors (see for example Exercise IX.4.1 in [27] ).
We now prove the second point. First of all, remark that
which follows from a straightforward computation. From this, it is easy to get that
and so all elements of the form Ôω ιÕÔ W Õ with ω È BÔL 2 ÔNÕ, L 2 ÔMÕÕ ¦ lie in Ô N . We next show that all elements of Ô N can be approximated σ-weakly by such elements.
for the rank one operator ζ Üζ, ηÝξ on L 2 ÔNÕ, and denote ω ξ,η for the normal functional x Üxξ, ηÝ. Choose b, x, y È N , and denote
where we recall that
We will prove the identity
where E is the conditional expectation defined in the first part of the proof, and where ϕ M Ôb ¦ ¤ Õ and ϕ M ÔS N ÔaÕ ¤ Õ are the obvious normal functionals on N . As the linear span of the θ Λ N ÔaÕ,Λ N ÔbÕ is σ-weakly dense in BÔL 2 ÔNÕÕ by Lemma 1.9, and as E is a normal map with Ô N as its range, the second point of the proposition will follow from this identity.
To prove the identity (1), choose further c, d È N . It is sufficient to prove then that
We remark now that a and S N ÔaÕ can also be rewritten in the following form, by a simple computation involving only the definition of Ö V :
Using again the definition of Ö V , the left hand of equation (2) then simplifies to
On the other hand, using the definition of W ¦ , we get that the right hand side of equation (2) becomes 
Now by the final condition in Definition 1.4 (and the second remark following it), it is enough to show that these two expression are equal when we replace x v by ∆ N ÔzÕÔm 1Õ and y d by ∆ N ÔwÕÔn 1Õ, where w, z È N and m, n È M . But then the left hand side of (5) becomes
, which by invariance of ϕ M collapses to ϕ M Ôn ¦ w ¦ zmÕ. A similar computation shows that with this replacement, also the right hand side expression in (5) collapses to ϕ M Ôn ¦ w ¦ zmÕ. This concludes the proof.
Of course, we then also have
which follows immediately by applying the ¦ -operation to both sides of the identity in the second point of the previous proposition. T r,1 . . . the descending sequence of its eigenvalues, counting multiplicities. We further fix in H r a basis e r,i , with 0 i n r , such that e r,i is an eigenvector for T r with eigenvalue T r,i .
We denote by e r,ij È Ô N the matrix units associated to the basis e r,i , and we denote by ω r,ij the following normal functionals on Ô N BÔ rÈI N H r Õ:
In the special case where ÔN, ∆ N Õ equals ÔM, ∆ M Õ considered as a right Galois co-object over itself, we will denote the n r as m r , the T r,j as D r,j and the H r as K r , but otherwise keep all notation as above.
ÔMÕÕ.
Then the following statements hold.
1. The unitary W equals the strong ¦ convergent sum rÈI N nr¡1 i,j 0 W r,ij e r,ij .
2. For each r È I N and 0 i, j n r , we have
both sums converging strongly.
3. For each r È I N and 0 i, j n r , we have
the sum again being a strongly ¦ converging one.
4. The following orthogonality relations hold:
Proof. The first point is immediate, and also the second one follows straightforwardly from the unitarity of W . 
where of course
By assumption, there must exist an x with F ÔxÕ 0. Fixing such an x, denote y F ÔxÕ. Then it is easy to see that
using Proposition 1.7.5 and the ∆ M -invariance of ϕ M . This implies that y ¦ y, resp. yy ¦ , is a fixed element for Ad ÔsÕ R , resp. Ad ÔrÕ R . Since these coactions are ergodic, y ¦ y and yy ¦ must be (identical)
scalars, and so we can scale x such that y becomes a unitary u.
We then find that
This implies that there exist two non-equal normal functionals ω 1 and ω 2 on Ô N such that 
the sum converging strongly ¦ .
2. The Ö V r,ij satisfy the following orthogonality relations:
3. The following equalities hold:
Proof. Choose r È I N , 0 i, j n r and η È L 2 ÔMÕ. Then we compute
e r,i e r,k W ¦ r,kj η.
From this, the first point in the lemma follows.
The second point is of course just a reformulation of Theorem 1.15.4.
These orthogonality relations then immediately imply that 
Recall that we had introduced in Definition 1.5 the notion of the co-opposite Galois co-object
The following lemma gathers some transfer results between this structure and the original one. 
In particular, the Galois co-object associated to a 2-cocycle Ω on ÔM, ∆ M Õ is isomorphic to ÔM, ∆ M Õ as a right Galois co-object iff the 2-cocycle is a coboundary, i.e. is coboundary equivalent to 1 1.
At the moment, we do not have any examples of non-cleft Galois co-objects for compact Woronowicz algebras, although these do exist in the non-compact case. For example, in [4] , non-cleft Galois coobjects were (implicitly) constructed for discrete Woronowicz algebras (see Definition 2.1), the Galois co-object being an l -direct sum of rectangular matrix blocks. For commutative compact Woronowicz algebras, that is, those arising from compact groups, it can be proven that all Galois co-objects are necessarily cleft (that is, arise from a unitary (measurable) 2-cocycle function on the compact group). We will later prove that this is also the case for co-commutative compact Woronowicz algebras (i.e. group von Neumann algebras of discrete groups).
Galois objects for discrete Woronowicz algebras
In this section, we will make the connection with the theory of Galois objects from [10] .
We first introduce the notion of the dual of a compact Woronowicz algebra.
Then Ü M is a von Neumann algebra which can be endowed with a von Neumann bialgebra structure by giving it the unique comultiplication ∆ Ü M such that
We will call the couple Ô Ü
In fact, we had already introduced the notation Ü M in the remark after Proposition 1.10, as it can be considered to be the space Ô N in the special case where the right Galois co-object ÔN, ∆ N Õ equals ÔM, ∆ M Õ. We then also remind that we had introduced some special notations for this case in the Notation 1.14. The following proposition gathers some useful information which can be found in the literature (for example, see the Remark 1.15 in [30] , although we warn the reader that their comultiplication on Ü M is opposite to ours). 
3. On the other hand, define ψ Ü M to be the unique nsf weight on Ü M such that
where c r TrÔD ¡1
r Õ 1ß2 (which is known as the quantum dimension of the irreducible corepresentation corresponding to the index is then a group-like element: for all t È R, we have
The purpose of this section is to show that for an arbitrary Galois co-object ÔN, ∆ N Õ, the comultipli-
N . This coaction then shares many properties with the actual comultiplication ∆ Ü M .
For the rest of this section, we again fix a compact Woronowicz algebra ÔM, ∆ M Õ and a right Galois co-object ÔN, ∆ N Õ for it. We keep using the notation from the previous section. Notation 2.3. We denote by ϕ Ô N the nsf weight on Ô N which is uniquely determined by the fact that
r,j , where the T r,j were introduced in Notation 1.14. We will then take the GNS-construction for ϕ Ô N also inside
r,j e r,i e r,j .
The same notation will be used when ÔN, ∆ N Õ equals ÔM, ∆ M Õ considered as a right Galois co-object over itself, taking however into consideration the special notations from Notation 1.14.
Remarks:
1. The fact that there exists a unique nsf weight with the above properties requires in fact a small technical argument (at least in case the H r are not finite-dimensional). The main observations to make are the well-known fact that any nsf weight ψ on a type I-factor is of the form TrÔS 1ß2 ¤ S 1ß2 Õ for some non-singular positive (possibly unbounded) operator S (see [27] , Lemma VIII.2.8), and the fact that if ξ is a vector with ψÔθ ξ,ξ Õ (where we recall that θ ξ,ξ is the rank one operator associated to ξ), then ξ È DÔS 1ß2 Õ with S 1ß2 ξ 2 ψÔθ ξ,ξ Õ (this can, for example, be pieced together from the results in [27] , section IX.3). With this information, it should then be easy to verify that the nsf weight ϕ Ô N in the previous notation is indeed well-defined and uniquely determined.
2. It is easy to check, using the orthogonality relations between the W r,ij , that for r È I N and 0 i, j n r , we have
Hence our identifications of L 2 ÔNÕ and L 2 Ô Ô N Õ coincide with the 'usual' way in which Pontryagin duality is defined in the setting of (locally) compact quantum groups (see [20] ).
Before giving the proof, we first state a lemma that we will need in the course of it.
Lemma 2.5. Take r È I N arbitrary. Then the linear span of the set 
the sum converging σ-weakly. As W r,k0 x È M for all 0 k n r , the sum on the right hand side lies
Proof (of Proposition 2.4). Take ω È ÔN op Õ ¦ , and denote x Ôω ιÕÔ W Õ. By the pentagonal identity for W (Proposition 1.7.4), we easily get that
and by an application of the formula
As elements of the form x constitute a σ-weakly dense subspace of Ô N by Proposition 1.10.2, we have proven that α Ô N is a well-defined coaction.
We now show that it is ergodic. Take an element
for any coaction of a compact Woronowicz algebra, we find x È Z Ô Ô N Õ, the center of Ô N .
Write then x
rÈI N x r p r , where r x r È l ÔI N Õ and p r the r-th minimal central projection of Ô
for some r È I N , 0 i, j n r and a È M , and apply both sides of the above equality to W ¦ r,kj ξ M for some 0 k n r , we get, by using the orthogonality relations for the W r,ij , that
As, with r a fixed element of I N , we have that Ø W ¦ r,ki a a È M Ù is σ-weakly dense in N , by the previous lemma, we get that xξ x r ξ for all ξ È L 2 ÔNÕ, so x is a scalar multiple of the unit. 
where ω is any normal state on Ô N . Our job then is to prove that ϕ ½ Ô N ϕ Ô N . By the remark after Notation 2.3, it is enough to prove that the e r,ij are in
Take r, s È I N and 0 i, j n r , 0 k, l n s . Then we compute, using the GNS-construction for ϕ Ô N from Notation 2.3 and the functionals ω s,kl introduced in Notation 1.14, that
the latter sums converging in norm.
On the other hand,
where the latter sum now converges in the strong topology.
Again by closedness, these assertions remain true when ω s,kl is replaced by an arbitrary normal func-
Let now ξ r,i,j e r,i e r,j for r È I N and 0 i, j n r . For any finite subset J 0 of the set J ØÔr, i, jÕ r È I N , 0 i, j n r Ù, denote by P J 0 the orthogonal projection onto the linear span of the ξ n with n È J 0 . Take an arbitrary state ω È Ô N ¦ and x y ¦ y in the linear span of the e r,ij .
We remark then that there exists a unit vector ξ È L 2 Ô Ô N Õ with ω ω ξ,ξ Ô Ü ¤ ξ, ξÝÕ. We can now compute, using the normality of our weights, that We have shown so far that α Ô N is an integrable, ergodic coaction. The final property of α Ô N is that a certain isometry which can be constructed from α Ô N is in fact a unitary.
Proof. The claim concerning the square integrability of α Ô N ÔyÕÔx 1Õ follows immediately from the
Moreover, we can then define an isometry
However, it is easily seen that for all ω È BÔL 2 Ô Ô N ÕÕ ¦ and x È N ϕ Ü N , we will have For the terminology 'Galois object', we refer the reader to [8] (where the notations N and Ô N are interchanged). In fact, it is simply defined to be an integrable ergodic coaction for which the map Ö G, as we constructed it in the course of the proof the previous proposition, is a unitary. This map Ö G is in general called the Galois unitary associated with the Galois object, and as we saw in the previous proposition, it coincides precisely with W in case the Galois object is constructed from a Galois co-object for a compact Woronowicz algebra. Galois objects can also be defined as being ergodic, semi-dual coactions (see [29] , Proposition 5.12 for the terminology, and the remark under Proposition 3.5 of [8] for the connection). We further remark that Galois objects for compact Woronowicz algebras were treated in [4] (where they are termed 'actions of full quantum multiplicity'), and for commutative compact Woronowicz algebras, that is for ordinary compact groups, in [33] and [21] (where they are termed 'actions of full multiplicity'). For Galois objects in the Hopf algebra setting, we refer to the overview [26] .
We may now use the results from [8] , which we gather in the following theorem. 
where the latter denotes the modular oneparametergroup associated to ϕ Ô N :
Proof. See [8] , Theorem 3.18, Proposition 3.15 and Lemma 3.17.
Notation 2.10. We denote by A r the non-singular (possibly unbounded) positive operator
By the third item in the previous theorem, the operator A r strongly commutes with T r . In particular, this means that A r is diagonalizable, and that we may choose our e r,i È H r so that they are also eigenvectors for the A r . We then write A r,i for the eigenvalue of A r with respect to the eigenvector e r,i .
Remark: Let A be the Hopf ¦ -algebra associated to ÔM, ∆ M Õ, consisting of all elements x È M with ∆ M ÔxÕ È M M , the algebraic tensor product. Then it is well-known that A is a σ-weakly dense sub-¦ -algebra of M , closed under the modular automorphism group σ
Again, it is well-known that B r is a σ-weakly dense sub-¦ -algebra of BÔH r Õ (it is the linear span of the coefficients of the spectral subspaces associated to Ad ÔrÕ R , see for example [4] ). Then the operators A r , introduced in the above notation, turn out to be determined, up to a scalar, by the formula
where ε denotes the counit of A . This formula can be derived from the way in which δ Ô N was constructed in [8] . Hence, up to multiplication with a non-singular (possibly unbounded) positive element in the center of Ô N , the operator δ Ô N can be recovered from the knowledge of all the Ad ÔrÕ R .
Projective representations of compact quantum groups
Using the results from the first section, we can easily develop a Peter-Weyl theory for projective representations of compact quantum groups. We will in the following use again the notation which we introduced in the first section.
We first define the notion of a projective representation relative to a fixed Galois co-object. 
equals the whole of BÔH r Õ, from which it immediately follows that Σ Ö V r Σ is indecomposable, and even irreducible.
For the second statement, we use that the linear span of the matrix entries of the Ö V r 's span a norm-dense subset of L 2 ÔNÕ when applied to ξ M . Hence, if G is an indecomposable left ÔN, ∆ N Õ-corepresentation of ÔM, ∆ M Õ on a Hilbert space H , there must exist some r È I N and an
As in the proof of Theorem 1.15, this forces a scalar multiple of this expression to be a unitary intertwiner, proving that G is isomorphic to Σ Ö V r Σ. By the orthogonality relations between the Σ Ö V r Σ, these are all pairwise non-isomorphic. Hence the above r for G is uniquely determined.
To prove the third statement, consider the normal faithful unital ¦ -homomorphism
As Ô∆ N ιÕG G 13 G 23 , we see that α is a coaction. Let Z BÔH Õ α , the set of fixed points for α. As in the proof of Proposition 1.10, we have that Z is the range of a normal conditional expectation on BÔH Õ. Hence Z is a von Neumann algebraic direct sum of type I-factors. Let then A be an atomic maximal abelian von Neumann subalgebra of Z, and denote by p i the set of minimal projections in A. Then it is clear that each p i H is a fixed subspace for G. The spaces p i H must further be indecomposable: for if not, then we could find a p i and a non-zero projection p in BÔH Õ with p strictly smaller than p i and both pH and Ôp i ¡ pÕH invariant under G. This would imply that p is a fixed element for α, commuting with all x È A. Hence p È A by maximal abelianness. As p i was a minimal projection in A, this gives a contradiction.
As for the fourth point, we may take our indecomposable ÔN, ∆ N Õ-corepresentation to be some Σ Ö V r Σ, for which we have already proven irreducibility in the proof of the first point. Proof. This follows immediately from the second point of the previous proposition.
We can now pass to projective representations without reference to a fixed Galois co-object.
Remarks:
1. Interpreting ÔM, ∆ M Õ as the space of L -functions on some 'compact quantum group' G, the above then corresponds to having a (necessarily continuous) action of G on BÔH Õ. As AutÔBÔH ÕÕ U ÔH ÕßS 1 , this indeed captures the notion of a projective representation when G is an actual compact group.
2. One similarly has the notion of a projective right corepresentation of ÔM, ∆ M Õ, for which we replace the left coaction α above by a right coaction. For example, the coactions Ad R and Ad
ÔrÕ
R from the first section are then projective right corepresentations. At the end of this section, we will show one can pass from left to right projective representations, so that one may essentially restrict oneself to the study of projective left corepresentations, as we will do.
3. Some results on (special) coactions of compact Kac algebras on type I factors appear in [22] .
In [10] , we proved that from any projective corepresentation α, one can construct a Galois co-object ÔN, ∆ N Õ together with an ÔN, ∆ N Õ-corepresentation G 'implementing' α. We will state the proposition and give a sketch of the proof. For the full proof, we refer the reader to [10] .
Proposition 3.5. Let ÔM, ∆ M Õ be a compact Woronowicz algebra, H a Hilbert space, and α a projective corepresentation of ÔM, ∆ M Õ on H . Then there exists a right Galois co-object ÔN,
G ¦ Ô1 xÕG αÔxÕ, for all x È BÔH Õ. Sketch of proof. Choose a basis Øe i Ù iÈI of H , and fix an element 0 È I. We can then consider the Hilbert space L 2 ÔNÕ αÔe 00 ÕÔL 2 ÔMÕ H Õ. We can construct a unitary
It is then possible to construct a map ∆ N : N N¯ N , uniquely determined by the properties that
(where we have added brackets in the leg numbering notation to distinguish them from the indices for matrix coefficients of G) and
One proves that ÔN, ∆ N Õ is a Galois co-object for ÔM, ∆ M Õ, and then it immediately follows from the above property that G is a left ÔN, ∆ N Õ-corepresentation of ÔM, ∆ M Õ on H . Finally, one proves that G ¦ Ô1 xÕG αÔxÕ by direct computation. Definition 3.6. Let α be a projective corepresentation of a compact Woronowicz algebra ÔM, ∆ M Õ on a Hilbert space H . Denote by ÔN, ∆ N Õ the Galois co-object constructed from α as in the above proposition, and denote by ÖÔN, ∆ N Õ× its isomorphism class. Then we say that α is an ÖÔN, ∆ N Õ×- If ÔN, ∆ N Õ is a Galois co-object for a compact Woronowicz algebra ÔM, ∆ M Õ, and an ÖÔN, ∆ N Õ×-corepresentation α for ÔM, ∆ M Õ is given, then it is in general not true that all ÔN, ∆ N Õ-corepresentations implementing α are isomorphic: consider for example ordinary one-dimensional representations. We will see a further instance of this in the final section. Definition 3.7. Let ÔM, ∆ M Õ be a compact Woronowicz algebra, α a projective corepresentation of ÔM, ∆ M Õ on a Hilbert space H . We say that α is an irreducible projective corepresentation if α is ergodic. Then there is a one-to-one correspondence between the set of α-fixed self-adjoint projections in BÔH Õ and the G-invariant subspaces K of H , given by the correspondence
In particular, α is irreducible iff G is irreducible.
Proof. By assumption, we have that Proof. The fact that G 12 U 13 is a unitary ÔN, ∆ N Õ-corepresentation is trivial to verify. If further G and U are irreducible, then we know already that G 12 U 13 iÈJ G j for a certain set G j of irreducible ÔN, ∆ N Õ-corepresentations indexed by a parameter set J. We have to prove that J is finite.
Let α be the projective corepresentation associated to G, so
By the previous proposition, we know that α is ergodic. Let B be the linear span of the spectral subspaces inside BÔH Õ, which is a σ-weakly dense sub-¦ -algebra of BÔH Õ (see the remark following Notation 2.10). If we then denote by U r , r È I M , a total set of representatives for the irreducible corepresentations of ÔM, ∆ M Õ on Hilbert spaces K r , we know by [5] that
as a comodule over the Hopf algebra A M , where k r .
Now if β is the projective corepresentation associated to G 12 U 13 , then βÔxÕ U ¦ 13 Ôα ιÕÔxÕU 13 , for all x È BÔH Õ BÔK Õ.
Hence if Ö
B is the linear span of the spectral subspaces of β, then as a comodule, we have
where U c denotes the contragredient of U and where we denote by ¢ the tensor product of corepresentations/comodules. But this means that the trivial corepresentation appears in Ö B with multiplicity g r k r , where g r is the multiplicity of U r U ¢ U c . Hence the fixed point algebra of β is finite-dimensional, and by the previous Proposition, J will have as its cardinality the dimension of a maximal abelian subalgebra of the fixed point algebra of β. Hence J is finite.
The previous proposition leads to the following considerations. Let ÔN, ∆ N Õ be a fixed right Galois co-object for a compact Woronowicz algebra ÔM, ∆ M Õ. Then we can make a W ¦ -category D by considering as objects the ÔN, ∆ N Õ-corepresentations which are (isomorphic to) finite direct sums of irreducible ÔN, ∆ N Õ-corepresentations, and as morphisms bounded intertwiners. Then if we denote by C the tensor W ¦ -category of finite-dimensional ÔM, ∆ M Õ-corepresentations, we can make D into a right C -module by the natural composition introduced above:
while the action of morphisms is simply by tensoring. We can then also turn F N :
rÈI N Z into a module over the fusion ring F M :
rÈI M Z by means of the fusion rules associated to this categorical construction.
But in fact, there is another different way in which to obtain these fusion rules, making use of the theory developed in [28] . In that paper, Wassermann's multiplicity theory for ergodic compact Lie group actions on C ¦ -and von Neumann algebras is extended to the setting of compact Woronowicz algebras. Although the paper works in the C ¦ -algebraic realm and uses right coactions, the results also apply in the von Neumann algebra setting and with left actions, and we make the transition without further comment in explaining these ideas.
Let then ÔM, ∆ M Õ be a compact Woronowicz algebra with an ergodic coaction α on a von Neumann algebra A. It is well-known that the crossed product
is a von Neumann algebraic direct sum of type I factors. Let I α be the set of atoms of the center of M ª A, and let F α be the free abelian group generated by I α . Then one can turn F α into a right F M -module by the following procedure. Let Øp s s È I α Ù be the set of minimal projections in the center of M ª A, and choose for each s È I α a minimal projection e s p s in M ª A. We can equip the corners e s ÔBÔL 2 ÔMÕÕ¯ AÕe t with a left ÔM, ∆ M Õ-coaction α st by the formula α st ÔzÕ ÔΣ 1ÕÔV ¦ 12 Ôι αÕÔzÕV 12 ÕÔΣ 1Õ. For each r È I M , s, t È I α , define M ÔrÕ st to be the dimension of the set of ÔM, ∆ M Õ-intertwiners between the corepresentation U r associated to r and α st . Then the action of r È I M on an element t È I α is defined as
Let now ÔN, ∆ N Õ be a right Galois co-object for the compact Woronowicz algebra ÔM, ∆ M Õ. Choose r È I N . Then we can apply the above ideas to the left coaction α r on BÔH r Õ, where α r is the coaction associated to the irreducible projective ÔN, ∆ N Õ-corepresentation G r pertaining to r. We claim that the resulting right F M -module is independent of the choice of r, and coincides precisely with the right F M -module as constructed after Proposition 3.9. We will briefly indicate how this can be proven.
We first observe that M ªBÔH r Õ equals G ¦ r Ô Ô N¯ BÔH r ÕÕG r . Indeed, this follows by the characterization of Ô N as a fixed point space, by the pentagon identity for Ö V (and the related pentagon identity for G r ), by the fact that G r implements α r , and finally by the characterization of M ª BÔH r Õ as the set of elements z in BÔL 2 ÔMÕÕ¯ BÔH r Õ satisfying
Ôι α r ÕÔzÕ.
Hence we already see that I αr I N .
Choose then for each s È I N the element e s : e s,00 e r,00 È Ô N¯ BÔH r Õ M ª BÔH r Õ as a minimal projection. Then by transporting all structure with the aid of G, one sees that the corner e s ÔBÔL 2 ÔMÕÕ¯ BÔH r ÕÕe t is isomorphic to e s,00 BÔL 2 ÔNÕÕe t,00 , equipped with the restriction of the coaction Ad L (which appears in the proof of Proposition 1.10). This may further be simplified to the coaction
This final coaction may be interpreted as corresponding to the (ordinary) corepresentation 'G c s ¢ G t '. A Frobenius-type argument then shows that this corepresentation contains some U u with u È I M as much times as G t is contained in G s ¢ U u . This shows that the two mentioned fusion rules indeed coincide, and ends our sketch of proof.
To end this section, let us come back to comparing the structures of ÔN, ∆ N Õ and ÔN, ∆ op N Õ which we started in Lemma 1.18. We begin by introducing a certain antipode on a subspace of N . 
If we define the anti-linear map
then for all x È N and y È A , we have
where S M denotes the antipode of the Hopf ¦ -algebra A .
3. For all r È I N and 0 i, j n r , we have
where J Ô N denotes the modular conjugation for Ô N, given by e r,i e r,j e r,j e r,i .
Proof. As the Ö V r,ij form a basis of N , it is easy to see that S N Ô ¤ Õ ¦ is well-defined. Moreover, using the formulas in Lemma 1.17.1, the third statement follows immediately. As for the first point, this is an immediate consequence of Proposition 3.9.2.
So the only thing left to show is the second statement, which is at least meaningful by the first part of the proposition. . Then with ω elementary, we immediately obtain the formula
Choose now normal functionals ω 1 and ω 2 on respectively BÔL 2 ÔNÕÕ and BÔL 2 ÔMÕÕ which restrict to elementary functionals on respectively Ô N ½ and Ü M ½ . Then by the pentagonal identity for Ö V , we have
where Ö ω is the functional
By the first part of the proposition, the restriction of Ö ω to Ô N ½ is again elementary. Combining these statements with equation (6) (and the corresponding one for S M ), we see that
We can now make the connection between the adjoint coactions of ÔM, 
for all x È M. More concretely, we have R M ÔW r,ij Õ V r,ji for all r È I M and 0 i, j m r . We will also denote
and use the same notation for its inverse. ÔNÕ : e r,i e r,j e r,j e r,j .
It is then easily seen that the proposition follows one we can prove the following identity:
Now piecewise, the identity (7) corresponds to the identities
for all r È I N , 0 i, j n r .
But in [8] , it was proven that J Ô 
This now follows from an easy computation using Lemma 1.17.
Remark: It seems nicer to treat the right adjoint ÔM,
These then localize to left adjoint coactions Ad 4 Reflecting a compact Woronowicz algebra across a Galois co-object
In this section, we will consider in the special case of compact Woronowicz algebras a technique which was introduced in [10] . The following theorem was proven in [10] , Proposition 2.1 and Theorem 0.7.
Theorem 4.1. Let ÔM, ∆ M Õ be a compact Woronowicz algebra, and ÔN, ∆ N Õ a right Galois co-object for ÔM, ∆ M Õ. Denote by P BÔL 2 ÔNÕÕ the von Neumann algebra which is generated by elements of the form xy ¦ , where x, y È N . Then P can be made into a von Neumann bialgebra, the comultiplication ∆ P being uniquely determined by the fact that
The von Neumann bialgebra ÔP, ∆ P Õ furthermore admits (not necessarily finite) left and right ∆ Pinvariant nsf weights (i.e. is a von Neumann algebraic quantum group in the terminology of [20] ).
The following theorem gives a concrete formula for the above invariant weights. We will use the notations introduced in the first three sections (see Notation 1.14 and Notation 2.10). 
while the right invariant nsf weight ψ P satisfies, again up to a positive scalar,
Proof. For the proof of the theorem, we have to explain first how the invariant weights ϕ P and ψ P can be obtained. This goes back to Theorem 4.8 of [8] .
Denote by ∇ it N,M the following one-parametergroup of unitaries on L 2 ÔNÕ: for all x È N, where ∇ M is the modular operator on L 2 ÔMÕ associated to ϕ M . One verifies that this is well-defined by using the commutation relation will lie in the space of square integrable elements of ϕ P , by the formula
ÔxÕÕ.
By polarity, we get for x, y È N analytic w.r.t. σ
¡iß2 ÔxÕÕ.
Applying this to x Ö V r,ij and y Ö V s,kl , and using the orthogonality relations between the Ö V r,ij , we immediately get the first formula in the statement of the theorem.
For the second formula, we can use the expression ψ P ϕ P ¥ R P , where R P was an involutory anti-automorphism on P determined by the formula
for all x È P (see Lemma 4.3 in [8] ). In fact, the discussion before that lemma states that, for x, y È N , we have R P Ôxy ¦ Õ R N ÔyÕ ¦ R N ÔxÕ, where
By applying R N Ô Ö V r,ij Õ ¦ to ξ M , we find that R N Ô Ö V r,ij Õ W r,ji (see also the proof of Proposition 3.11). Applying then ϕ P ¥ R P to W ¦ r,ij W s,kl and using the first part of the proof, the expression for ψ P as in the statement of the theorem follows.
From the formulas in Theorem 4.2, we can draw the following conclusions. up to a positive scalar. We note that we do not know of any particular examples where ÔP, ∆ P Õ is not unimodular, so it could well be that this condition is always fulfilled.
Proof. The third point follows immediately from the formulas in the previous theorem combined with Lemma 1.17, as there then exists a positive number c 0 such that
.
If ÔP, ∆ P Õ is moreover compact, then for any r È I N and 0 i n r , we get, by using the unitary of W r (and the normality of ψ P ), that
As the T r,i are summable, the final sum must necessarily be finite, i.e. n r .
Finally, suppose that ÔM, ∆ M Õ has a finite-dimensional irreducible ÔN, ∆ N Õ-corepresentation, say corresponding to the index value r. Then as ψ P Ô1Õ ψ P Ô nr¡1 i 0 W ¦ r,ij W r,ij Õ, we see that ψ P is finite, and hence ÔP, ∆ P Õ is a compact Woronowicz algebra. By the second point, also all other irreducible ÔN, ∆ N Õ-corepresentations of ÔM, ∆ M Õ are finite-dimensional.
Remark: In case the irreducible ÔN, ∆ N Õ-corepresentations are finite-dimensional, the linear span of the W ¦ r,ij generates inside N a purely algebraic Galois co-object N for the Hopf algebra A inside ÔM, ∆ M Õ. Conversely, if one starts with a Galois co-object for A , satisfying some suitable relations with the ¦ -structure, we can in essence develop the whole theory so far in an algebraic way, and then necessarily the reflection will correspond to a compact quantum group (this was essentially already observed in [7] , see also [32] ). As it turns out, there do exist interesting Galois co-objects which are of a non-algebraic type (see the final section), which was part of the motivation for writing this paper.
Galois co-objects and projective corepresentations for compact Kac algebras
In this short section, we show that when one deals with compact Kac algebras (see Definition 1.1), one is always in the algebraic setup (see the remark at the end of the previous section).
Proposition 5.1. Let ÔN, ∆ N Õ be a Galois co-object for a compact Kac algebra ÔM, ∆ M Õ, and let ÔP, ∆ P Õ be the reflected von Neumann bialgebra as obtained in Theorem 4.1. Then also ÔP, ∆ P Õ is a compact Kac algebra.
Proof. As we recalled in Theorem 2.9, the modular element δ it
. However, for a compact Kac algebra, δ Ü M 1. By ergodicity of α Ô N , we then conclude that we can take δ Ô N 1.
From Theorem 4.2 and the normality of ψ P , we then find
so that ψ P is finite, and ÔP, ∆ P Õ thus a compact Woronowicz algebra.
But then ÔP, ∆ P Õ is in particular unimodular, so that the third point of Proposition 4.3 gives us that T r is a scalar matrix, and hence just 1 nr times the unit matrix on H r . This shows that the one-parametergroup ∇ it N,M , which we introduced in the course of the proof of Theorem 4.2, is trivial. As σ
ÔyÕ ¦ for all x, y È N (which follows from the fact that σ N,M t is actually the restriction to N of the modular automorphism group of the balanced weight ϕ P τ M on
is trivial, and hence ϕ P is a trace. This concludes the proof.
Combining the previous proposition with Theorem 3.2 and Proposition 4.3, we obtain the following corollary.
Corollary 5.2. Let ÔM, ∆ M Õ be a compact Kac algebra. If H is a Hilbert space, and α : BÔH Õ M¯ BÔH Õ a coaction, then the following statements hold.
1. The trace on BÔH Õ is α-invariant.
If α is ergodic, then H is finite-dimensional.
In particular, this says that the invariant state associated to an ergodic coaction of a compact Kac algebra on a type I-factor is tracial. Note that this is not true for ergodic coactions of Kac algebras on arbitrary von Neumann algebras (counterexamples can be found in [4] ). It would be nice to have a more direct proof of the above corollary, but we were not able to produce one.
Projective corepresentations of finite-dimensional Kac algebras
In this section, we will briefly review what can be said concerning the situation of finite-dimensional compact Woronowicz (and hence Kac) algebras.
Proposition 6.1. Let ÔM, ∆ M Õ be a finite-dimensional Kac algebra, and ÔN, ∆ N Õ a right Galois co-object for ÔM, ∆ M Õ. Then N is finite-dimensional with dimÔN Õ dimÔM Õ, and ÔN, ∆ N Õ is cleft. Proof. Choose r È I N . Then as the right coaction Ad ÔrÕ R of ÔM, ∆ M Õ on BÔH r Õ is ergodic, it is easy to see immediately that n r dimÔH r Õ is finite. Then take r È I N fixed. As N is the σ-weak closure of the set Ø W ¦ r,ij m 0 i, j n r , m È M Ù by Lemma 2.5, we see that N is finite-dimensional.
Now disregarding the ¦ -structures, we get that ÔN, ∆ N Õ is a Galois co-object for the Hopf algebra ÔM, ∆ M Õ. It is then well-known that ÔN, ∆ N Õ is cleft in this weaker form (see for example the remark following Corollary 3.2.4 in [26] ). But this means that N M as right M -modules. As M is a direct sum of matrix algebras, it is easy to see that we can in fact find a unitary u :
Hence we may identify L 2 ÔNÕ with L 2 ÔMÕ and N with M . We can then consider Ω ∆ N Ô1 M Õ. By right linearity of ∆ N , we then get ∆ N ÔxÕ Ω∆ M ÔxÕ for all x È N , and by coassociativity of ∆ N we have that Ω satisfies the 2-cocycle relation. Hence ÔN, ∆ N Õ is cleft.
Remark: Finite Galois co-objects (in the operator algebra context) have also been dealt with in the papers [12] , [31] and, in a more general setting, [17] .
For later purposes, we also introduce the following definition of a non-degenerate 2-cocycle (see Definition 1.19 for the general notion of a unitary 2-cocycle).
Definition 6.2. Let ÔM, ∆ M Õ be a finite-dimensional compact Kac algebra, and Ω a unitary 2-cocycle for ÔM, ∆ M Õ. We call Ω non-degenerate if the associated Galois object Ô N is a (finite-dimensional) type I-factor.
This terminology was introduced in [1] . One observes that, as Ô Ô 
Projective corepresentations for cocommutative Kac algebras
As a second special case, we will consider compact Woronowicz algebras ÔM, ∆ M Õ which have a cocommutative coproduct:
It is not so difficult to show that ÔM, ∆ M Õ is then Kac, and in fact that M L ÔΓÕ for some (countable) discrete group Γ, the coproduct being given by ∆ M Ôλ g Õ λ g λ g for all g È Γ, where the λ g denote the standard unitary generators in the group von Neumann algebra L ÔΓÕ. We will in the following denote L ÔΓÕ as shorthand for ÔL ÔΓÕ, ∆ L ÔΓÕ Õ, and we denote the invariant trace by τ . The dual discrete Woronowicz algebra Ô Ü M , ∆ Ü M Õ is then simply the function space l ÔΓÕ, equipped with the coproduct
ÔghÕ for all g, h È Γ. We will in the following write L 2 ÔL ÔΓÕÕ l 2 ÔΓÕ of course, and then, with δ g being the Dirac function at the point g È Γ, we have Λ L ÔΓÕ Ôλ g Õ δ g .
As group von Neumann algebras are in particular Kac algebras, we know from Corollary 5.2 that they can only act ergodically on type I factors which are of finite type. Let us give a more immediate proof of this fact in this particular case.
Lemma 7.1. Let Γ be a discrete group. Let B be a von Neumann algebra, and suppose that we have given an ergodic coaction
If we denote by φ B the unique α-invariant state on B, then φ B is a trace.
Proof. For each g È Γ, denote B g Øx È B αÔxÕ λ g xÙ. As α is ergodic, it is easily seen that each B g is either zero-or one-dimensional. It is further immediate that B g ¤ B h B gh for all g, h È Γ, and that B ¦ g B g ¡1. Therefore, whenever B g is not zero-dimensional, we may assume that B g Cu g with u g a unitary. We may moreover assume that u ¦ g u g ¡1. When B g 0, we will denote u g 0.
We claim that the linear span of the u g is σ-weakly dense in B. Indeed, if this was not the case, then we could find a nonzero x È B with φ B Ôxu g Õ 0 for all g È Γ. But as φ B Ôτ ιÕα by definition, this would imply that
Ôτ ιÕÔαÔxÕÔλ g 1ÕÕu g 0 for all g È Γ. Now an easy computation shows that for all g È Γ, we have Ôτ ιÕÔαÔxÕÔλ g 1ÕÕ È B ¦ g .
Hence we in fact have
Ôτ ιÕÔαÔxÕÔλ g 1ÕÕ 0 for all g È Γ.
This implies αÔxÕ 0, and so x 0, which is a contradiction.
It is now enough to prove that φ B Ôu g u h Õ φ B Ôu h u g Õ for all g, h È Γ. But the left hand side is a multiple of φ B Ôu gh Õ, which is zero in case g h ¡1 . Similarly, the right hand side is zero in case g h ¡1 . As both sides equal 1 when g h ¡1 , we are done.
Remark: General coactions of group von Neumann algebras (or rather, of the associated group C ¦ -algebras), have been studied in the theory of Fell bundles over groups (see for example [25] ). The intuitive connection between these notions is essentially contained the above proof. 2. There exists a finite subgroup H of Γ such that αÔBÔH ÕÕ L ÔHÕ BÔH Õ, and such that, denoting by β the coaction α with range restricted to L ÔHÕ BÔH Õ, the couple ÔBÔH Õ, βÕ is a (left) Galois object for L ÔHÕ.
Remark: The notion of a Galois object was introduced in the second section. In the finite-dimensional setting, it may be defined as follows: let A be a finite-dimensional Hopf ¦ -algebra with a left coaction β on a finite-dimensional ¦ -algebra B. Then ÔB, βÕ is called a left Galois object for A if the map
B B
A B : x y βÔxÕÔ1 yÕ is a bijection.
Proof. By the previous lemma, we know that BÔH Õ admits a tracial state. Hence H must be finite.
As for the second point, this is rather a corollary of the proof of the previous proposition. For, using the notation introduced there, denote by H the set of elements g in Γ for which u g 0. As the u g are orthogonal to each other with respect to the α-invariant state, we must have that H is finite. As u g ¤ u h is a non-zero multiple of u gh , and u ¦ g u g ¡1, we must have that H is a finite group. It is then immediate that indeed αÔBÔH ÕÕ L ÔHÕ BÔH Õ.
The coaction β of L ÔHÕ on BÔH Õ is then clearly also an ergodic action, with the ordinary (normalized) trace tr as its invariant state. This implies that the map
ÔBÔH Õ, trÕ : x y βÔxÕÔ1 yÕ is isometric and thus injective. As the u g with g È H form an orthonormal basis of BÔH Õ, we have that the order of H equals the square of the dimension of H . Hence a comparison of dimensions shows that the above map is also surjective, which proves that ÔBÔH Õ, βÕ is a left Galois object for L ÔHÕ. Proposition 7.3. Let Γ be a discrete group, and let ÔN, ∆ N Õ be a right Galois co-object for L ÔΓÕ.
Then there exists a finite subgroup H Γ and a non-degenerate 2-cocycle Ω for L ÔHÕ, such that ÔN, ∆ N Õ is isomorphic to the cleft Galois co-object induced by Ω (considered as a 2-cocycle for L ÔΓÕ).
Proof. Let ÔN, ∆ N Õ be a right Galois co-object for L ÔΓÕ. Using the terminology introduced in Definition 3.6, choose an irreducible ÖÔN, ∆ N Õ×-corepresentation α : BÔH Õ L ÔΓÕ BÔH Õ of L ÔΓÕ on a Hilbert space H (for example, one of the Ad ÔrÕ L , see the end of the third section). By the previous proposition, we know that H is finite-dimensional, and that we can choose a minimal finite subgroup H Γ for which αÔBÔH ÕÕ L ÔHÕ BÔH Õ.
We moreover know that the corresponding coaction β of L ÔHÕ on BÔH Õ is then a Galois object. This means that the Galois co-object ÔN H , ∆ N H Õ which is associated to β (as a projective corepresentation) may be taken to be equal to ÔL ÔHÕ, Proof. The statement concerning torsionless discrete groups is of course an immediate consequence of the previous proposition. As for the statement concerning the case when there are no finite subgroups of square order, observe that if K is any finite group for which some BÔH Õ allows a Galois object structure for l ÔKÕ, then necessarily K dimÔHÕ 2 .
Remarks:
1. For finite groups, Proposition 7.3 was proven in [24] (see also [13] ).
2. In [16] , it is shown that for any group Γ, all quasi-symmetric 2-cocycles for L ÔΓÕ, i.e. cocycles which also satisfy ΣΩΣ ηΩ for some η È S 1 , are coboundaries. (The authors weaken this to allow unitaries satisfying the 2-cocycle condition up to a scalar, but it is possible to show that, in any compact Woronowicz algebra, such unitaries are automatically 2-cocycles).
3. One can also easily describe the Galois objects dual to the Galois co-objects appearing in Proposition 7.3. Namely, if we have given a discrete group Γ, a finite subgroup H and a non-degenerate 2-cocycle Ω for L ÔHÕ, let γ : BÔH Õ BÔH Õ l ÔHÕ be the Galois object for l ÔHÕ dual to the Galois co-object associated with Ω. Then the dual of the Galois co-object for L ÔΓÕ associated to ÔH, ΩÕ is the induction of γ to Γ. The underlying von Neumann algebra of this construction consists of the set of all elements x È BÔH Õ l ÔΓÕ for which Ôγ ιÕÔxÕ Ôι β l ÔHÕ ÕÔxÕ, where β l ÔHÕ is the coaction associated to the left translation action of H on Γ. The right coaction α of l ÔΓÕ on this von Neumann algebra is then simply given by right translation, i.e. αÔxÕ : Ôι ∆ l ÔΓÕ ÕÔxÕ.
The projective corepresentations associated to the Galois co-objects for L ÔΓÕ can be determined as follows.
Proposition 7.5. Let Γ be a discrete group with a finite subgroup H. Let Ω be a non-degenerate 2-cocycle for L ÔHÕ, and let G È L ÔHÕ BÔH Õ be the associated irreducible Ω-corepresentation on some Hilbert space H .
Then with ÔN, ∆ N Õ the cleft Galois co-object for L ÔΓÕ associated to Ω È L ÔΓÕ L ÔΓÕ, we have I N HÞΓ, and a maximal set of irreducible non-isomorphic ÔN, ∆ N Õ-corepresentations is given by the set
where s : HÞΓ Γ is a fixed section for Γ HÞΓ.
Remark:
As Ω is assumed to be non-degenerate for L ÔHÕ, the unitary G is indeed the unique Ω-corepresentation for L ÔHÕ, up to isomorphism.
Proof. It is immediately seen that the right regular ÔN, We claim now that I N HÞΓ, and that the Ö 
, where ρ g is a right translation operator on l 2 ÔΓÕ, i.e. ρ g δ k δ kg for g, k È Γ. As we assumed that Ω is a non-degenerate 2-cocycle, we know that 
2. One can also be more specific on when the projective corepresentations associated to two given ÔN, ∆ N Õ-corepresentations as above are actually isomorphic. Namely, using the notation as in the statement of the proposition, let α g be the coaction of L ÔΓÕ on BÔH Õ implemented by G Hg . We may assume that α e is the 'extension' of the coaction β of L ÔHÕ on BÔH Õ implemented by G. Then we have α g α e iff gHg ¡1 H and Ω is coboundary equivalent to
A projective representation for SU q Ô2Õ
In this section, we want to consider one special and non-trivial example of a projective representation of the compact quantum group SU q Ô2Õ. This projective representation will be nothing else but (a completion of) its action on the standard Podles sphere.
Let us first recall the definition of SU q Ô2Õ on the von Neumann algebra level. For the rest of this section, we fix a number 0 q 1.
where S denotes the forward bilateral shift.
Then the compact Woronowicz algebra ÔL ÔSU q Ô2ÕÕ, ∆ Õ consists of the von Neumann algebra
equipped with the unique unital normal ¦ -homomorphism
Its invariant state ϕ is given by the formula
for all i, j È N, k È Z, and we may identify L 2 ÔSU q Ô2ÕÕ with the Hilbert space in the GNS-construction for ϕ by putting
The definition of the standard Podles sphere and the associated action of SU q Ô2Õ takes the following form on the von Neumann algebraic level.
q0 Õ. We say that this coaction corresponds to 'the action of SU q Ô2Õ on the standard Podles sphere'. One can show that L ÔS 2 q0 Õ may be identified with the von Neumann algebra BÔl 2 ÔNÕÕ, in such a
Under this correspondence, the α-invariant state on
In the terminology of the present paper, the coaction α is thus an irreducible projective representation of SU q Ô2Õ on an infinite dimensional Hilbert space. In [9] , we computed the associated Galois co-object.
To introduce it, let us first recall some notations from q-analysis (see [14] ). For n È N and a È C, we denote by p n Ôx; a, 0 qÕ the Wall polynomial of degree n with parameter value a; so p n Ôx; a, 0 qÕ 2 ϕ 1 Ôq ¡n , 0; qa q, qxÕ, where 2 ϕ 1 denotes Heine's basic hypergeometric function.
Denote by v the operator S ¦ 1 1, where S denotes the forward bilateral shift, and by L 0 the operator such that L 0 Ôe n e m e k Õ Ôq
Denote N for the σ-weak closure of the right L ÔSU q Ô2ÕÕ-module generated by the elements v n L 0 , where n È Z. (One easily shows that N equals the set BÔl 2 ÔNÕ, l 2 ÔZÕÕ¯ 1 L ÔZÕ.)
Then there exists a unique Galois co-object structure ÔN, ∆ N Õ on N for which
the right hand side converging in norm.
The coaction α of L ÔSU q Ô2ÕÕ on L ÔS 2 q0 Õ is then an irreducible ÖÔN, ∆ N Õ×-corepresentation, and an associated implementing ÔN, ∆ N Õ-corepresentation G is determined by the following formula: denoting G s,tÈN G ts e ts È N¯ BÔl 2 ÔNÕÕ, we have, for 0 t s, that
while for 0 s t, we have
For the rest of this section, we take ÔM, ∆ M Õ to be ÔL ÔSU q Ô2ÕÕ, ∆ L ÔSUqÔ2ÕÕ Õ, and we fix the right Galois co-object ÔN, ∆ N Õ for ÔM, ∆ M Õ introduced above. We then also keep using the notations introduced above, as well as those from the first four sections.
Our aim now is to describe in more detail the structure of the Galois co-object ÔN, ∆ N Õ. In particular, we want to find a complete set of irreducible ÔN, ∆ N Õ-corepresentations. This is in fact not so difficult. Then the set of unitaries
In particular, the set I N of isomorphism classes of irreducible ÔN, ∆ N Õ-corepresentations can be naturally identified with Z.
Proof. It is trivial to see that the G ÔnÕ are indeed irreducible ÔN, ∆ N Õ-corepresentations, by the grouplike property of v. We then only need to show that the G ÔnÕ are mutually non-isomorphic and have σ-weakly dense linear span in N .
We first prove that all G ÔnÕ are mutually non-isomorphic. As an isomorphism between G ÔnÕ and G ÔmÕ would induce an isomorphism between G Ô0Õ and G Ôm¡nÕ , it is sufficient to show that G G Ô0Õ is not isomorphic to G ÔnÕ for n 0. But for this, it is in turn sufficient to show that L 0 G 00 is orthogonal to all G . Then, up to a non-zero constant, this equals the element L 0 b k p t Ôb ¦ b; q 2k , 0 q 2 Õ. As the p t Ôx; q 2k , 0 q 2 Õ are polynomials of degree t, we conclude that the linear span of the G Ô¡2t¡kÕ One may deduce from this that the ordinary matrix units e n,ts in Ô N nÈN BÔl 2 ÔNÕÕ are of the form we required in the first section, namely their corresponding vectors e n,t È l 2 ÔNÕ are eigenvectors for the trace class operator T implementing φ α (it should be remarked that we are implicitly using Proposition 3.11 here).
We now remark that in [9] , we had already computed that the reflection of L ÔSU q Ô2ÕÕ across ÔN, ∆ N Õ (see section 4 for the terminology) may be identified with Woronowicz' quantum group L Ô Ö E q Ô2ÕÕ (see [35] ), which has as its associated von Neumann algebra
Now it is known (see [2] ) that this is a unimodular quantum group, with its invariant nsf weight ϕ 0 determined by by the q-binomial theorem.
Remark: These orthogonality relations can also be written out in terms of the Wall polynomials p n . Then one would simply get back the well-known orthogonality relations between these polynomials (see e.g. [19] , equation (2.6)), from which the above orthogonality relations can also be directly deduced.
As a final computation, let us determine the fusion rules between the G ÔnÕ and the irreducible corepresentations U r of L ÔSU q Ô2ÕÕ (where r È Proof. By multiplying to the left with powers of v, it is easy to see that the fusion rules are invariant under translation of n. We may therefore restrict to the case n 0.
It is then well-known that if we consider L ÔS 2 q0 Õ as an L ÔSU q Ô2ÕÕ-comodule, the coaction α splits as sÈ 1 2 N U 2s . From the proof of Proposition 3.9 and the remark preceding it, we obtain that G ¢ U r will then split as a direct sum of less than 2r 1 corepresentations. By the orthogonality relations between the G ÔnÕ ij , it then suffices to find in each G Ô2i¡2rÕ , with 0 i 2r, a component which has non-trivial scalar product with a matrix element of G ¢ U r .
By looking at the border of U r , and by using G 
Remarks:
1. By the discussion following Proposition 3.9, we could also have deduced these fusion rules directly from [28] , as the multiplicity diagram of the ergodic coaction of SU q Ô2Õ on the standard Podles sphere is explictly computed there.
2. In [11] , we discussed the 'reflection technique' (cf. section 4) with respect to another action of SU q Ô2Õ on a type I factor, namely the von Neumann algebraic completion of its action on the 'quantum projective plane' (see e.g. [15] ). We showed that the reflected quantum group in this case was the extended SU q Ô1, 1Õ quantum group of Koelink and Kustermans ([18] ). This shows in particular that the Galois co-object Ô Ö N , ∆ Ö N Õ constructed from the quantum projective plane action is different from the one we considered in this section. In fact, as the multiplicity diagram of this action was explicitly computed in [28] , we see that the Ô Ö N , ∆ Ö N Õ-projective representations of SU q Ô2Õ are labeled by the forked half-line Ø0 , 0 ¡ Ù N 0 (again by the discussion following Proposition 3.9). Now it can be shown that the quantum group SU q Ô1, 1Õ contains only two group-like unitaries. By Proposition 3.5 of [10] , this implies that the associated ÖÔ Ö N , ∆ Ö N Õ×-projective corepresentations still form a (countably) infinite family. We do not know if this family of 'ergodic actions on type I factors' already occurs somewhere in the literature. At the moment, we have not even succeeded in explicitly describing these ergodic coactions, except for two cases. One case is the action on the quantum projective plane itself, which we will denote as α. The other coaction Ö α is obtained by amplifying with the spin 1/2-representation U 1ß2 of SU q Ô2Õ:
Note that this is still irreducible, as the spectral decomposition of α only contains corepresentations corresponding to even integer spin by [28] (see the proof of Proposition 3.9). Remark that the ergodic coaction Ö α is not isomorphic to a coideal of SU q Ô2Õ (again by [28] ).
